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Perturbative Study of Bremsstrahlung
and Pair-Production by Spin-% Particles
in the Aharonov—Bohm Potential
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In the presence of an external Aharonov—Bohm potential, we investigate the two QED
processes of the emission of a bremsstrahlung photon by an electron, and the pro-
duction of an electron—positron pair by a single photon. Calculations are carried out
using the Born approximation within the framework of covariant perturbation theory to
lowest non-vanishing order in . The matrix element for each process is derived, and
the corresponding differential cross-section is calculated. In the non-relativistic limit,
the resulting angular and spectral distributions and some polarization properties are
considered, and compared to results of previous works.

KEY WORDS: Aharonov-Bohm; bremsstrahlung; pair production.

1. INTRODUCTION

The Aharonov—Bohm (AB) effect (Aharonov and Bohm, 1959) is one of the
remarkable predictions of quantum theory. It has shown that, contrary to classical
electrodynamics, enclosed electromagnetic fields can interact with charged quan-
tum particles via the vector potential leading to observable effects, even in the
absence of Lorentz forces. Comprehensive reviews covering many aspects of the
subject are given in Olariu and Popescu (1985) and Peshkin and Tonomura (1989).

Traditionally, the AB effect has been studied in connection with elastic scat-
tering and bound state problems. In recent years, however, a limited number
of works have been devoted to processes that go beyond these problems and
that open the way for a deeper, more detailed understanding of the AB effect.
The two processes that have been addressed by these works were the emission
of a single bremsstrahlung photon by a charged particle, and the production of
particle—antiparticle pair in the AB potential. The first of these works (Serebryanyi
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and Skarzhinskii, 1988), investigated the emission of bremsstrahlung by a spin-
less non-relativistic particle by looking at the spectral and angular distribution of
emitted photons. Then the same process was studied relativistically in Gal’tsov
and Voropaev (1990) using Klein—Gordon particles, this time the polarization of
the emitted photon was taken into account, and both non-relativistic and ultra-
relativistic limits of the results were considered. For relativistic spin-% electrons,
the process was investigated in (Audretsch et al., 1996) for Dirac particles, where
the differential cross-section and its limiting cases were used to discuss spectral
and angular distributions of emitted photons. That study included electron spin
polarization and its effect on the polarization of the emitted photon, and angular
momentum selection rules were reported.

As for the process of pair-production in the AB potential, only two studies
have been conducted: the first was by Skarzhinsky et al. (1996), where the dif-
ferential cross-section was found and the effect of photon polarization on spin
polarization of created particles was considered. Here also, angular momentum
selection rules for angular momentum were reported. The case of spinless pair-
production has been recently studied in Shahin (2004), where the photon-polarized
differential cross-section was calculated, and selection rules found.

In all of these works, the method of finding the scattering amplitude uses
exact wavefunctions of the Klein—Gordon or Dirac particles in the AB potential,
and then the scattering matrix is calculated to first order using scattering states
constructed from these functions.

The aim of the present paper is to study the processes of bremsstrahlung and
pair-production in an external AB potential in the Born approximation using co-
variant perturbation theory to the lowest non-vanishing order, which corresponds
in this case to O(«?). The present work was motivated by the series of works (Au-
dretsch et al., 1996; Skarzhinsky et al., 1996; Audretsch and Skarzhinsky, 1998),
and in that resspect, the motivation was twofold: first, we think it is interesting, as
such, to treat the problem using this method, as it is the one traditionally employed
in this kind of calculation, where results are cast into the familiar Bethe—Heitler
form, and to our knowledge, no such calculation has been reported for the AB
potential. Another reason, is to test the applicability of the Born approximation
to this particular problem by comparing with the results of the “exact” approach,
especially since there were some speculations regarding the applicability of the
small field approximation to this problem (Audretsch and Skarzhinsky, 1998;
Skarzhinsky and Audretsch, 1997).

We will use the idealization usually followed in describing the AB-potential,
namely to assume it is generated by a very thin, very long flux tube putting out a
potential given by:

A”(.X) = (07 _yv-xvo) (1)

27 (x2 + y2)
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so that the direction of magnetic field generating the flux & is along the z-axis. In
terms of the magnetic flux quantum ®¢ = 27/|e|, we can write ®/ Py =6 + N,
where N is the integral part and § is the remaining fraction. To use the Born
approximation, we will assume the flux to be small enough, so that N = 0 and
I 1L

This paper is organized into four sections: following this introductory section,
we present in Section 2 the calculation of the matrix element and differential cross-
section for the emission of a bremsstrahlung photon from a Dirac particle in the
AB-potential. We also calculate the differential cross-section in the non-relativistic
limit.

In Section 3 we conduct an analogous study for the process of production
of a Dirac pair in the AB-potential, where the matrix element is found and the
corresponding differential cross-section is calculated. The limit of low energy
photon is found as well, and the polarization effects are investigated.

Section 4 summarizes our results and states the conclusions and the problems
that are still open.

As to the regards conventions, we follow those of Itzykson and Zuber (1980),
specifically, we use the Pauli—Dirac representation of the y -matrices.

2. BREMSSTRAHLUNG IN THE AB POTENTIAL
2.1. Amplitude and Cross-Section

The probability amplitude for the emission of a single bremsstrahlung photon
is given by the matrix element:

Sy = (e ylISle™) )

The two diagrams that contribute to the process at tree-level are shown in Fig. 1,
their sum gives us the amplitude to lowest non-vanishing order in o (O(a?)):

. — * 15 + k+m Aex
$SP=—icaP(py) |:¢’m oI 2k A%
- AeXt(Q)—pi; f+m %A)*} u®(p;) 3)
pik
A k k A
Pi (@) Py Pi (b) Py

Fig. 1. Tree-level diagrams for bremsstrahlung.
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where u®)(p) is a 4-component spinor satisfying the free Dirac equation
for a particle with 4-momentum p and in a spin state s. p;, py, and k refer to
the 4-momenta of the incoming and outgoing Dirac particles, and the photon,
respectively. € is the photon polarization vector, and AZ’“(q) is the Fourier
transform of the AB-potential:

ox 2r)?%id
A (g) = —Ws(qo)(S(Cf)Ru )
Here, the momentum transfer 4-vector g* is given by:
q" =py +Kk" —p; Q)

and R" is a vector defined by:
RM = (072 X q) = (07 _qzs qls 0) (6)

The nature of the problem implies that the energy is conserved (¢° = 0) and that
the momentum along the flux tube’s axis is also conserved (g = 0), whereas the
radial component g~ is not, and momentum must be transferred to the tube. These
considerations are expressed in the two §-functions appearing in (4). Now, writing
(3) with the help of (4), we get:

Sy = 8aP(p ) FDu (pi)

= AaP(py) [ﬁ’(”* it Kimp phizKibm ?M)*i| u“(pi) (7)
2prk 2pik

where A = —(2me)’*®8(¢°)8(¢%)/|q|?, and the indices a, B and A stand for po-

larization states of the incoming and outgoing Dirac particles and the photon,

respectively. The differential cross-section per unit length of the solenoid result-

ing from this amplitude, as calculated according to the conventions of Itzykson

and Zuber (1980), reads:

|A> ( md®p d’k @ 2096
do—g) = . tr {PW FR PP g 8
Ta@=fh = 5 /m ph@n) ) \20@r)} {7 P ®

Here P = u®(p)a®(p) is and appropriate projection operator, F™* is as
defined in (7), and F® = y?F®1,0 We will be using the formula in (8) twice;
once to evaluate the differential cross-ssection for unpolarized electrons, and once
for polarized electrons. The calculations are straightforward, but quite lengthy,
especially in the polarized case. The traces in either case were evaluated with
the help of a computer programme called FeynPar (West, 1993), which runs on
Mathematica. The raw output of FeynPar was then rearranged by hand to become
compact and physically transparent.

In the unpolarized case P projects over positive energy states, whereas in
the polarized case it further projects over states with well-defined spin polarization.
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For the former the effect of polarization is cancelled out by summing over states
of the outgoing particle and averaging over those of the incoming particle, and the
resulting projector is well-known (e.g., see, Itzykson and Zuber, 1980):

(p+m)

o ®)

P =) upu(p) =

s
Plugging this projector into (8), and integrating out the §-functions, we get an
unpolarized cross-section that is differential in the azimuthal angle of the outgoing

electron ¢, the photon momentum |k| = w, and the solid angle for the photon
Q,:

d&()t) .
_ 7 _ A4 B (10a)
dordwd,
where:
2
_ 22@d’w |(€Wp)Rp) _ (€Vp)Rpp) g
@2m)*Ipillql* prk pik
_ @ | |eWpr ePp; ’2 *k)* (10b)
2m)Hpil || prk pik (prk)(pik)

k* being the radial part of k, and the bar over o means that this stands for the
unpolarized cross-section.

To find the polarized differential cross-section, we need to use concrete
wavefunctions that describe particles in well-defined states of spin polarization.
To this end, we chose wavefunctions that are eigencvectors of the third component
of the spin pesudotensor $* (Sokolov and Ternov, 1986):

3
$=pxiylys an
m

where, 8, & 3 and y5 are the usual matrices, to be used in our case in the Pauli—-Dirac
representation, and p? is the z-component of the momentum vector. This operator
has the benefit of reducing to the usual spin projection in the non-relativistic limit.
It has also been used in the works with which we shall be comparing our results
(Audretsch et al., 1996; Skarzhinsky et al., 1996). The free Dirac wavefunction ¥
that can be used to construct the projector P will satisfy the following combined
eigenvalue problem:

Hy = Ey, p'y=p'y, $v =sy. (12)

where H is the free Dirac Hamiltonian, and s, the eigenvalue of $3, which
takes the values 4=/1 + (p3/m)?. The desired functions (with normalization
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fl/_fjl/fjf = Sjjr) are:
Vi(p) = e "u; (13a)
where the spinor part u ; is given by:

JET 5T
1 esVE — sma/s — 1'%

=5 T | avEFsms =1
VE =/ F e

in this equation, €3 = sgn (s) sgn (p?), and j stands for the set of quantum
numbers (E, p?, s), and the resulting projection operator then becomes:

(13b)

ujii; =P (p )——(15+m)(s—1/ Y —p—)/> (14)

The polarized cross-section is obtained by plugging (14) into (8). This calculation
is greatly facilitated if we rewrite F*) appearing in (7) in terms of the following
quantities (in which the index (1) is omitted for brevity):

VH = ae + (b — co)n', = —(b + )™, (15a)
where:
__Rpi Rps _ a1 g 1
a =—— - —, b= c= ———,
prk  pik 2 pek’ 2 pik
=(0,2 x €) = (0, —€2, €', 0). (15b)

Doing this, we end up with the following:

w{ PP FOPY V) = (i + 1+ 5+ J3) (16a)

16rsm?

where

Ji=4 {[(V*Pf)(Vpi) +(V*p)(Vpy)
3.3
pff" ) T VRV ()

+V*V(m* — pipp)l (1 +rs+

I
+ Zeaﬂyap?p,’-gVy*V‘s (sp} + rpf) —imw(r + ) (V" x V)

+2(V3Pm® = pipp) =K IV*V(pi — pp) + V> Vi(pi — pp)l}
(16b)
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B =4U {i(rp? +5p7) PV ps + PV i) — rs(pi x pp)V*

+p3s*(VExpp)z — pir*(VE x pi)z

3% | . p}p? N
+V>*limo(r —s)+ (1 — " (pi xpr)Z (16¢)

3,3
pip 2
J3=4Up? {(rs —1+ m;‘) [pips +2pips = m’] + (P} + ;) } (16d)

In these expressions s and r stand for the pseudo-spin eigenvalues for the
incoming and outgoing particles, respectively. We can simplify 16, without loss of
generality, by assuming the electron to be incident normally on the solenoid, i.e.

p? =0 = pif = k3 a7

As a result of this condition, s takes on the values =1, thereby exhibiting a
behaviour much like the usual spin projection. Further simplification is possible
by an appropriate choice of the polarization vectors for the emitted photon. We
will use the following vectors, which are constructed in a way that takes advantage
of the direction of the magnetic field in the tube (Sokolov and Ternov, 1986):

€ = (0, —sin gy, cos ¢, 0)

€™ = (0, —cos 6 cos g, —cos B sin gy, sin 6;) (18)

where 6; and ¢ are the polar and azimuthal angles of the the photon’s momen-
tum vector, respectively. From these linear polarization vectors we can construct
vectors describing circular polarization: €©) = (€@ 4 i£e™)//2.

In terms of the unpolarized cross-section as given in (10), the polarized
cross-section reads now:

dU(S_W’;L) _ 1+rs d&()\) 62(7'[5)2(1)
dodQ,dp;  2rs \dwdQ,de; Qm)4sr|pillql*

+ (V32 m?* — pipp) — V3 V(pi — py)
+U [ xpp)V—KE(Vxpp)z+ Vip: x pp)z]

1 3y2
{Z(VV)(k )

1
+ U? [5("3)2 —(pips +2pips — m2>“ (19)
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2.2. Non-Relativistic Limit

To make the above expression more informative, we consider its behaviour
in the non-relativistic limit, which gives us a clearer physical insight and an ability
to compare with the results of other works.

If the incident electron is moving non-relativistically (v < 1), then the emit-
ted photon will be soft (w — 0). The non-relativistic limit of (19) is most easily
obtained if we go back to (16), and use it to rewrite the unpolarized cross-section
in terms of V# and U. Then, we need the following approximate forms when
v 1t

Pk = wm, Rp; = Rp; = p;" pysingiy
vz 9l g, U =0,
I, if r=s 20)
> = s = (
Is| = |r| , T {0’ ifrs } O(rs),

CE r—m?
SELIR = (14 £7)

where £ = /1 — w/(E; — m). Upon substituting these relations in (19), and keep-
ing only the dominant terms, we get for the various states of polarizations:

da(s—>r,a) 62(7.[8)21}
m =
v—=>0 da)ded(pf Raimw

O@rs)[(1 + &%) + 2& cos(p x + ix)] (21a)

. do‘(s%r,]r) 62(77:8)20
lim =

= C) 20, [(1+ &%) —2 )] (21b
B dwd 2, dp; — Famime 0 O KU HED) =2 coslept o] (216)

. do— ) () ) )
! : = (C] 1 1 0
e} dodQ,dp;  64mmw (rs) [(1 + &°)(1 + cos” ;)

2
+ 28 cos(¢ i + @ir) sin 6 — 24 (—‘”2) cos ek] @lc)
’ mv

Some observations on these results are in order here:

1. The factor 1/w implies the well-known infrared catastrophe in the case of
a soft photon w — 0.
2. The appearance of the step function ®(rs) means that the spin projection
of the electron is conserved in the process of emission. But notice from
(19), that at higher energies spin-flip is not prohibited.
3. For m-polarized states, we see the factor cos? 6, which is typical in this
limit.
Expressions analogous to the first two equations in (21) have been arrived at
by Audretsch et al. (1996), using Dirac particles, and to the third by Gal’tsov and
Voropaev (1990), using Klein-Gordon particles. Upon comparison, it is seen that
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Audretsch’s results readily reduce to (21a) and (21b) by setting § to zero every-
where except in the sin?(7r8) factor, which appears in our case as (7r8)?. Similar
steps applied to Gal’tov’s result (which is quoted as a differential cross-section
integrated over azimuthal angles), reduces to our result for circular polarization
when we integrate it over azimuthal angles. In comparing with Gal’tsov, however,
one should note that the term ~& cos(¢ rx + ;) is not present their result, as this
term appears as a result of the inclusion of the spin degree of freedom, a fact that
was noted also in Audretsch et al. (1996). Expectedly, our approach causes some
information loss in the non-relativistic limit, when compared to Audretsch’s and
Gal’tsov’s results, but it does agree in the general form and characteristics. The
differences lie in details of how spin, flux, and momentum enter the cross-section.
For instance, Audretsch’s result predicts a certain asymmetry in the effect of the
spin state due to the interaction between spin and the magnetic field. Obviously
this is lacking in our cross-section at this limit. However, when the “exact” results
are expanded in terms of § with the lowest non-vanishing order kept, they coincide
exactly with our expressions.

3. PAIR-PRODUCTION IN THE AB POTENTIAL
3.1. Amplitude and Cross-Section

Turning now to the process of pair-production, we start with the matrix
element:

Si = (e e*|8ly) 22)

The lowest non-vanishing order of this amplitude is given by the sum of the
two diagrams of Fig. 2. The processes of pair-production and bremsstrahlung
are connected by a crossing symmetry, which enables us to get the expressions
describing pair-production by appropriately modifying those for bremsstrahlung.
The matrix element and the subsequent calculations for pair-production shall be
conducted by transforming those of bremsstrahlung according to the following

P+ P P+ b

~ ~

Fig. 2. Tree-level diagrams for pair-production.
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rules:
Di < —Py, pr < p-, k < —k, €« e (23)

where p_, p+ and k are the momenta of the electron, positron, and pair-producing
photon, respectively. Accordingly, we have: ¢ = p" + p' — k** (other quanti-
ties used here without definition retain the definitions used in connection with
bremsstrahlung). The sign difference between the matrix element obtained by the
crossing symmetry, and that obtained using the process’s own diagrams is due to
the phase convention, and can be safely dropped (Peskin and Schroeder, 1995). We
may thus write down the matrix element for pair-production in the AB potential
immediately using (7):

P KEm gk Petm g

P
! p-k pik

] vP(py) (24)
where u@ and v# are free-particle “positive-energy” and “negative-energy” so-
Iutions of Dirac’s equation, respectively, with indices « and S referring to po-
larization states. The corresponding differential cross-section is obtained by the
formula:

A2 ( md*p_ ) < md’py ) ) F0)p@
doGap) = tr {PYFPPOF® 25
wer =y anr ) ey ) 1P oo

As in the bremsstrahlung case, we start with evaluating this expression by neglect-
ing the polarization of the created particles, in which case we sum over polarization
states « and B. The projectors in this case, which project over states of positive-
and negative-energy, respectively, are:

pooptm 5 _Prtm

(26)

2m 2m

Plugging these into (25), and doing steps analogous to what was done to get (10),
we end up with:

o dogy A+ B (27a)
dpldpide de-
where:
2
L —4e2@8)? | (eMp_)(R e® Rp_
i 64(714) (e®po)( p+)+( p+)(Rp ) retd
Qr)*ql*w p-k p+k
_ 2 2 (0] 3] 2 132
5o —¢ @&~ | |€¥py  ePp | (k) 27b)
227w p+k p-k (p+k)(p-k)
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We will now look at the differential cross-section when the polarization of the
created particles is considered, using the 3 operator defined in (11). The projector
for the electron was found in (14). The positron’s wavefunction ¥} is obtained by
charge-conjugating the wavefunction in (13), from which the spinor part is to be
used to construct the projector ¥ = iyzw]’f. The desired projector in this case is

constructed by finding the product ui¢, where , thus:
@, _ —1 5.3 P s
Prp) = \s = vy = y? | (= p+m) (28)
sm m

The polarized cross-section is obtained by calculating the trace in (25) using
the projectors given in (28) and (14). No actual calculation needs to be done to
evaluate this trace; we rather transform the results from bremsstrahlung as given
in Egs. (15) and (16). We skip the full expression, which is essentially a repetition
of the bremsstrahlung result, and head straight for the cross-section for a linearly
polarized normally incident photon. We simply replace each quantity X in (15)
and (16) by its transformed counterpart X, in particular:

R Rp_ - LS| LS|
= Bpe Rp- ek 1 L _ldf 1 (29)
p-k  pik 2 pk 2 pik
Doing that, we end up with:
dO’(;L_”J) _r + s dé'()b) 62(7'[3)2
dpldpide.de_ — 4s \dpldplde de_ Qn)sro|q|*

x {(V)2m® + pip) — (2 =) UV (ps x p-)2
—Us*[(p+ x p)V+ p(V x p2)z + pi(V x psy)2]
+ U2 [2(p3) + pep- +2psp- +m?]} (30)

where s and r are the eigenvalues of $° for the electron and positron, respectively,
and V" = ae* + n(b — &), and U = —e*(b + &).

We notice from (30) and the fact that the photon is assumed normally incident
on the solenoid, that the cross-section for pair-production from an unpolarized
photon is more similar to that from a m-polarized photon than to a o-polarized
photon.

3.2. Low Photon-Energy Limit

Under the low photon energy limit the energy carried by the pair-producing
photon is just above the pair-production threshold:

w >2m 31
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As a result, the energy of each one of the created particles is almost its rest
energy, so that the motion is non-relativistic, and the following approximations
hold:

w > |pl, pk = 2m?2,

RX = —k*X'+k'X?, Vr=0, (32)
U= —%63
Substituting these into the cross-section formula, we get after tidying up:
dogs, _ e2(m8)?

lim = 1 —rs)|e’? 33
w—>2m dpg_dpidw.,_dg&_ 12877.'4]’”3( )| | ( )

Here also, it is possible to make several observations:

1. The angular and spectral distributions of the non-relativistic created par-
ticles are uniform with respect to all the parameters in which the cross-
section is differential.

2. In this limit, due to the factor (1 — rs), the created pair have opposite signs
of spin projection.

3. Whenk?® = 0, we have € = 0fora o -polarized photonand €3 = 1 foram-
polarized photon, so that the particles should in this limit be predominantly
created by m-polarized photons.

4. Had we used circular polarization, we see that in this limit, the two states
of polarization are indistinguishable.

An expression similar to that in Eq. (33) was arrived at by Skarzhinsky et al.
(1996). As was in the bremsstrahlung case, the two expressions agree in form and
general features, but differ in the details they convey. In particular, the expression
of Skarzhinsky et al. has a structure with more complicated dependence on spin,
flux and momentum. As with the bremsstrahlung case, these effects are turned
off by setting § to 0 everywhere except in the sin?(;78) factor, effectively keeping
the leading term in an expansion in powers of §, in which case Skarzhinsky’s
expression reduces to ours. Aside from this point, the above observations confirm
those in Skarzhinsky et al. (1996), except for the last observation, which was not
mentioned there.

4. CONCLUSION

In this paper we have studied the QED processes of bremsstrahlung and pair-
production in the AB potential for Dirac particles. We have used the formalism
of covariant perturbation theory to the lowest non-vanishing order in the coupling
constant. The matrix elements were found, and the corresponding differential
cross-section formulae were calculated, and the effect of polarization for both
Dirac particles and the photon was taken into account.
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We have confirmed in our work the main results that were formerly ar-
rived at using the exact wavefunction method as used in Audretsch et al. (1996);
Skarzhinsky et al. (1996), and also observed the differences and similarities with
the spinless case as investigated in Gal’tsov and Voropaev (1990). In particular, we
have compared the expressions for the differential cross-sections in some limiting
cases, and have seen that the results coincide when the exact result is expanded
to the same order in the fraction of flux §, but with an expected loss in details,
pertaining especially to spin.

There are two interesting problems related to the work presented in this paper,
both of which are currently under investigation. The first problem is to conduct a
partial wave analysis of the two processes at hand. The reason why this is especially
interesting is that, unlike the calculations in Audretsch et al. (1996); Skarzhinsky
et al. (1996), which are to first order in «, our work is to second order, and that
means that we have to deal with a propagator in our calculation. Moreover, aside
from the fact that this calculation is of intrinsic interest, the former works, upon
conducting partial wave analysis, have reported a selection rule that prohibits the
incoming and outgoing particles to have angular momentum projections in the
same direction.

The second problem is to conduct the same calculations done here but using
spinless Klein—Gordon particles. We expect that this may involve a well-known
difficulty (Feinberg, 1963; Corinaldesi and Rafeli, 1978), whereby a discrepancy
between the result of exact wavefunction method and that obtained with the first
Born approximation could manifest itself.
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